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We compute correlation functions in the AdSs/CFT 2 correspondence to study the emer- 
gence of effective spacetime geometries describing complex underlying microstates. The basic 
argument is that almost all microstates of fixed charges lie close to certain "typical" configu- 
rations. These give a universal response to generic probes, which is captured by an emergent 
geometry. The details of the microstates can only be observed by atypical probes. We com- 
pute two point functions in typical ground states of the Ramond sector of the D1-D5 CFT, 
and compare with bulk two-point functions computed in asymptotically AdS3 geometries. For 
large central charge (which leads to a good semiclassical limit), and sufficiently small time 
separation, a typical Ramond ground state of vanishing i?-charge has the M = BTZ black 
hole as its effective description. At large time separation this effective description breaks 
down. The CFT correlators we compute take over, and give a response whose details depend 
on the microstate. We also discuss typical states with nonzero i?-charge, and argue that the 
effective geometry should be a singular black ring. Our results support the argument that 
a black hole geometry should be understood as an effective coarse-grained description that 
accurately describes the results of certain typical measurements, but breaks down in general. 



1 Introduction 



The AdS/CFT correspondence [1-3] has provided a detailed connection between black holes 
and conformal field theories. Although it is sometimes said that this solves the conceptual 
puzzles associated with black hole physics, in fact we still don't understand the connection 
well enough to see explicitly how all these puzzles are resolved. 

In using the AdS/CFT correspondence in the context of black holes one typically compares 
a thermal ensemble in the CFT to a semi-classical black hole geometry in the bulk. In this 
way it is possible to compute and compare quantities such as the entropy of the system and 
correlation functions of fields/operators [4-12]. Recent work [13-21] has shown that in some 
cases one can do even better by extending this relation to the regime where the bulk geometry 
receives large corrections from higher derivative string and loop effects. 

In the CFT it is manifest that the thermal ensemble corresponds to a weighted collec- 
tion of individual microstates. Instead of considering such an ensemble, there is nothing to 
prevent one from choosing a particular microstate and computing correlation functions in 
that state. On general grounds, if one is working at large N then correlation functions of 
"typical" operators computed in a "typical" state will be approximated to excellent accuracy 
by the same correlators computed in the thermal ensemble. This is just the same as saying 
that realistic isolated systems, i.e. a large number of molecules in a sealed box, are in some 
particular quantum mechanical microstate at a given time, yet can be accurately studied by 
the methods of statistical mechanics and thermodynamics. 

The most natural interpretation of the AdS/CFT correspondence is that there is a one- 
to-one correspondence between bulk and boundary states. In particular, one expects this 
statement to hold even in the range of parameters where black holes are allowed. Precisely 
what the bulk microstates should look like is unclear at this point in time. Mathur [22] has 
conjectured that these microstates correspond to bulk geometries (in general these might be 
classically singular or have large quantum fluctuations) without horizons, and the evidence 
for this conjecture includes [22-29]. Just as in the CFT, one is led to believe that if one 
chooses a typical such bulk state then with respect to typical measurements it will look like 
the usual black hole geometry. 

An example of an atypical measurement is one which extends over a very long time interval. 
As originally emphasized by Maldacena [4], at late times correlators computed in the semi- 
classical black hole geometry decay to zero, while in the CFT they exhibit a quasi-periodic 
behavior. The key difference is that the semi-classical black hole geometry has a continuous 
spectrum due to the presence of the horizon, while the CFT has a discrete spectrum. This 
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distinction is insignificant for short times or at high energy, but becomes important in the 
opposite regime. Further work [9,11] in the context of BTZ black holes [30] strongly indicates 
that also summing over the SL(2, Z) images of the black hole (which includes global AdSa) 
can prevent the correlators from decaying to zero, but can't account for the quasi-periodicity. 
Presumably, this is telling us that we should instead be considering the actual microstate 
geometries dual to the individual CFT microstates if we want to correctly account for detailed 
properties such as the late time behavior of correlators. The analogy with molecules in a box is 
again helpful: while a coarse-grained effective description accurately describes most properties 
of the system, in order to recover the quasi-periodicity of late time correlators one needs to 
return to the fundamental molecular description. 

Recently, some of these issues have been discussed in the context of the AdSs/CFT4 
correspondence for half-BPS states [31-33]. It was argued in [34] that typical large-charge 
half-BPS microstates that are incipient black holes have a spacetime description as a quantum 
"foam" , the precise details of which are almost invisible to almost all probes. This gave rise to 
effective singular descriptions of underlying smooth quantum states [34]. (Other perspectives 
on these issues have appeared in [35].) In the present paper we will study the D1-D5 system 
on T 4 , since this provides the simplest link between black holes and CFT. We will also set to 
zero the momentum P, so that we just work with the Ramond-Ramond ground states of the 
system. This example is of interest for several reasons. The system has a large ground state 
degeneracy corresponding to an entropy S = 2n^/2^NiN 5 , and so should have some of the 
properties of a black hole. 1 A large class of microstate geometries for this system is known. 
They correspond to configurations in which the Dl and D5 branes expand into a Kaluza-Klein 
monopole supertube [36]. The shape of the supertube encodes the details of the microstate. 
For example, the maximally -R-charged microstate corresponds to a circular supertube. On 
the other hand, a typical state corresponds to the supertube taking a complicated random 
walk shape localized near the origin. This leads to a strongly curved supergravity solution 
whose existence is inferred via extrapolation from the weakly curved geometries described by 
smooth curves of large size. 

We will compute correlation functions of certain operators in typical states of the D1-D5 

system. As we have already discussed, at large N = NiN 5 the expectation is that these 

correlators should coincide with bulk correlators computed in some effective geometry. This 

effective geometry is analogous to the black hole geometry in the case of the D1-D5-P system. 

As we will see, the effective geometry that emerges depends on the -R-charge of the underlying 

1 In the case of the D1-D5 system on K3 it has been shown that higher curvature terms indeed lead to an 
event horizon whose entropy coincides with that in the CFT [15, 16]. Whether this also happens in the T 4 
case is unclear [13-21]. 
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state. If the i?-charge vanishes, the emergent geometry is the massless BTZ [30] black hole; 
or equivalently, A0IS3 in Poincare coordinates with a spatial direction periodically identified. 
This is often referred to as the "naive" geometry representing the RR-ground states. It can be 
obtained by contracting the KK-monopole supertube to zero size. No individual microstate 
corresponds to this geometry; rather, in the large N limit, this geometry encodes the universal 
response of generic finite time correlation functions in the underlying microstate. This effective 
geometry exhibits a continuous spectrum just like the black hole, and so bulk correlators decay 
to zero at late times. But in this case we can also show that the exact late time correlation 
functions show quasi-periodic behavior demonstrating that the effective description breaks 
down at large times, and should be replaced by the exact microstate geometries. 

We would like to emphasize that our approach based on computing correlation functions 
allows us to derive the effective geometries corresponding to CFT states, rather than assuming 
the (highly plausible!) map between states and KK-monopole supertube profiles. A corre- 
lation function based approach is also necessary if one wishes to make statements about the 
geometry at the string or Planck scale, since the existing map between states and geometries 
is only valid at the level of two- derivative supergravity. 

We also consider typical states of nonzero i?-charge, and find some new features. For 
sufficiently large charge, the CFT undergoes a form of Bose-Einstein condensation. The state 
effectively splits into two components, one carrying the i?-charge but no entropy, and the other 
carrying no i?-charge and all the entropy. The correlation functions we compute then become 
a sum of two terms with contributions from each of the two components. The result looks 
effectively like a superposition of correlators computed in the massless BTZ space and in the 
maximal -R-charge Ramond vacuum, namely globals AdS3 with a Wilson line [36-38]. On the 
other hand, we are able to derive a prediction for the effective bulk geometry with non-zero 
.R-charge by explicitly constructing the typical microstate geometry and coarse-graining it. 
In effect, this amounts to adding fluctuations on top of the circular supertube solution and 
then averaging over these fluctuations in the large N limit. The predicted effective geometry 
for non-zero -R-charge turns out to be a singular black ring solution. It would interesting 
to establish the connection between this prediction and the "superposition" of geometries 
derived from the CFT correlators. 

The ultimate goal of this sort of investigation is to see a macroscopic semi-classical black 
hole geometry emerging from correlators computed in a typical state of a large N CFT. This 
requires knowing how the presence of a black hole manifests itself in terms of correlators. 
Let us note two criteria. First, the correlators should correspond to a well-defined classical 
geometry, rather than a strongly fluctuating superposition. Second, correlators should fall to 
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zero at late times (in the large N limit), reflecting the presence of a horizon. Here we observe 
that the effective geometry emerging from our computations satisfies these two properties, 
and so we can claim to be seeing some black hole-like properties. For a large black hole one 
would like to do better and reproduce the most important property of all — that of complete 
absorption of high energy particles impinging on the horizon, but this goes beyond what we 
can do here. 

The remainder of this paper is organized as follows. In section |2] we review the physics 
of the D1-D5 system, summarizing he relevant details of the D1-D5 CFT, the map between 
Ramond ground states and microstate geometries, and the computation of 2-point correlation 
functions for massless scalars in the black hole spacetimes. A more extensive review explaining 
details appears in Appendix |XJ In sectional we construct the typical Ramond ground states 
of the D1-D5 CFT that have fixed -R-charges. In section 0] we derive the effective geometries 
describing finite-time correlation functions computed in these microstates. The basic tech- 
nique is to compute and analyze the two-point correlator in the typical states constructed in 
section El In section we conclude. Appendix |B] gives additional details about typical states 
with nonzero -R-charge. 

2 The D1-D5 system and its geometric dual 

2.1 The D1-D5 CFT and its Ramond sector ground states 

Consider type IIB string theory on S 1 x T 4 with Ni Dl-branes and N$ D5-branes. The Dl- 
branes are wound on S 1 and the D5-branes are wrapped on S 1 x T 4 . At low energies, the 
worldvolume dynamics of the branes is given by an M = (4, 4) supersymmetric sigma model 
whose target space is the symmetric product M.q = (T /k ) N /Sn, where Sn is the permutation 
group of order N [39-42]. Here we set 

N = NiN 5 . (2.1) 

More precisely, M.q is the so-called orbifold point in a family of CFTs which are regained by 
turning on certain marginal deformations of the sigma model on A^o- At the orbifold point 
the CFT becomes free. The D1-D5 CFT is dual to Type IIB string theory on AdS3 x S 3 x T 4 , 
which is the near-horizon limit of the D1-D5 brane system. The AdS3 length scale is given by 
i ~ N 1 / 4 . To have a large, weakly coupled, AdS 3 space, N must be large and the CFT must 
be deformed far from the orbifold point. This situation is familiar in the AdSs/SYlVLi duality, 
where the SYM theory becomes free at a special point (<?ym = 0) in the moduli space, but in 
order for it to correspond to a semiclassical gravity one has to turn on the coupling gyM- The 
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orbifold point is the analogue of the free SYM. In the following, we will consider the orbifold 
point of the D1-D5 CFT, so one should bear in mind that exact agreement with computations 
in supergravity is not expected in all cases, although some protected BPS quantities can be 
computed exactly. 

According to the AdS/CFT correspondence, every pure state of the D1-D5 CFT is dual 
to a pure state of string theory in AdS3 x S 3 x T 4 . Here, we are interested in understanding 
how black holes emerge as the effective spacetime description of underlying pure states in 
gravity. The only black holes in AdS3 gravity with standard boundary conditions are the 
BTZ solutions [30] . The supersymmetric versions of these spacetimes have periodic boundary 
conditions for fermions around the asymptotic circle in the AdS3 geometry and thus appear 
in the Ramond sector of the theory. Furthermore, the lightest of the black holes, the BPS 
massless solution, has the quantum numbers of a ground state in the Ramond sector of the 
dual CFT [43]. For these reasons, we will concentrate on the Ramond ground states of the 
D1-D5 CFT henceforth. Powerful techniques to study these ground states are available at 
the orbifold point of the CFT. 

The D1-D5 CFT and the construction of the Ramond ground states is reviewed in detail 
in Appendix El For the moment, the following facts are sufficient. At the orbifold point we 
are dealing with an J\f = (4,4) SCFT on the target space Aio = (T 4 ) n /Sn- This theory 
has an SU(2)r x SU(2) r i?-symmetry, which originates from the 5*0(4) rotational symmetry 
transverse to the D1-D5 worldvolume. There is another global SU(2)j x SU{2) I which is 
broken by the toroidal identifications in T 4 , but can be used for classifying states anyway. We 
will label the charges under these symmetries as 



with s,s, a, a = ±1. The CFT has a collection of twist fields a n , which cyclically permute 
n < N copies of the CFT on a single T 4 . One can think of these operators as creating winding 
sectors of the worldsheet that wind over the different copies of the torus. The product of 
twist operators is also a twist operator. The elementary bosonic operators of twist n carry 
either SU (2) R x SU (2) R or SU(2)j charges (a™ or cr^ 13 ), while the elementary fermionic twist 
operators are charged under SU{2) R x SU{2) I or SU{2) I x SU(2) R (r* a or r" s ). A general 
Ramond sector ground state is constructed by multiplying together elementary bosonic and 
fermionic twist operators to achieve a total twist of iV = NiN§: 



(Jr,J 3 r) = (§,1) and (J 3 , J 3 ) = (!,!) 



(2.2) 



£ n(N n , + N^) = N, N n , = 0, 1, 2, ... , 



NL 



(2.3) 



0,1. 
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Here and rfi, are the constituent elementary twist operators, and /x = 1 • ■ - 8 labels their 
possible polarizations (/i = (s,s), (5, /3) for bosons, and \i = (s,a), (a, s) for fermions). Ap- 
pendix [X] gives a detailed description of the construction of the twist operators and com- 
putations using them. For our immediate purposes, the relevant point is that the integers 

{N m ,K,} (2-4) 
uniquely specify a Ramond ground state. 

2.2 Map to the FP system and microstate geometries 

It has been proposed that each Ramond ground state of the D1-D5 has a corresponding exact 
spacetime geometry without horizons [22]. The construction of these geometries was carried 
out by first [/-dualizing the D1-D5 system to the FP system in type II, where an Fl string is 
wound A^ 5 times along S 1 and carries Ni units of momentum in the S 1 direction [44]. If the 
right-moving oscillation number Nr vanishes, Nr = 0, then this configuration is BPS. Such 
states can be written as 

H(at n ) N ^(r-n) N ^\Nx,N 5 ), 

_ (2-5) 
N L = J2 n(N^ + N' ny ) = N X N 5 = N, N n , = 0,1,2,..., = 0, 1. 

Here a >i _ n and ip- n are left-moving bosonic and fermionic oscillators, respectively. The polar- 
ization fj, runs over eight transverse directions. \Ni, A5) is the Fl string state with momentum 
Nx and winding number N§, and with no oscillators excited (this state itself is not physical). 
The second line displays the Virasoro constraint on the left-moving oscillation number A^. 

Following [22,36], the [/-duality map between the states ()2.5|) of the FP system and the 
Ramond ground states (|2.H|) of the D1-D5 system is given by: 

< " <*-n ; r^r-n- (2-6) 

The set of integers (|2.4jl defining a Ramond ground state is precisely mapped into the set of 
integers defining an excitation of the FP system. 

The metric of the FP system is known for arbitrary classical profile x M = F^(v) of the Fl 
string by the chiral null model [45-48]. Here fi runs over the eight transverse directions to 
the Fl worldsheet. v = t — y is the left-moving lightcone coordinate, reflecting the fact that 
there must be only left-moving waves on the Fl string because of the BPS condition. By 
[/-dualizing back, Lunin and Mathur [22] obtained the metric of the D1-D5 system, when the 
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classical profile F^iy) is only in the noncompact M 4 directions x = x l , i — 1, 2, 3, 4. Explicitly, 
the string frame metric of the D1-D5 system in the decoupling limit is given by [22,36] 



ds 2 stving = -^=[-(dt ~ A) 2 + (dy + Bf] + ^/hhdx'dx 1 + J ^dz a dz a , 

v/1/5 V h 



e 2 * 



fx f = 9l f L dv f = 9l f L \F(v)\ 2 dv ( 2 7 ) 

h' L J \x-F(v)r 11 L J \x-F(v)r 



^^frTTW dB = — *4 dA. 
L Jo |x-F(v)| 2 

Here, y and z a are S 1 and T 4 directions, respectively The coordinate radius of S 1 is R, and 
the coordinate volume of T 4 is (27r) 4 V4. The length L is related to R by 

where the D5-brane charge Q5 is related to the D5 number iVs by Q5 = g s a'N^. The four 
arbitrary functions F(v) = Fi(v ), < v < L in (12.7)1 parametrize the solution, and correspond 
to the classical profile Fpp(f) of the Fl string in the FP duality frame by F(v) = /iFFp(f), 
H = g s a' 3 / 2 / Ry/Vi [22]. The Dl charge is given by 

Qi = tJ q l*»| 2 ^- (2-9) 

In this paper we will argue that typical probes of typical microstate geometries will react as 
if the spacetime was simply an M — BTZ black hole (j2.13|) below. 

Using (|2.6|) the Ramond ground states can be mapped onto specific states of the FP system 
(|2.5j) . For states involving only a l _ n this in turn determines the classical profile F l (v ) of the 
Fl string, which can be substituted into (|2.7|) to give the proposed geometry corresponding 
to a specific Ramond ground state. Details and examples are given in [22]. For example, 
the special Ramond ground state [u^\ N ^ n with s — s — — 1, 1 < n < N corresponds to the 
bulk geometry (AdS^ x S" 3 )/Z n x T 4 . The 3-dimensional part of this geometry is the conical 
defect described below. For general states involving all bosonic oscillators as well as fermionic 
oscillators more work is needed; see [29] for results regarding the fermionic states. 

2.3 Bulk geometries and correlators 

In this subsection we will review some geometries that show up as the bulk geometries in the 
context of AdS/CFT for the D1-D5 system. We will also present the bulk 2-point functions 
of a massless minimally coupled scalar in those geometries, and compare them at the end. 
The asymptotic AdS3 radius is given by £ ~ iV 1 / 4 . 



7 



2.3.1 Conical defect 

The Ramond ground state [<J^\ N / n with s = s = —1, 1 < n < N corresponds in the bulk to 
the conical defect geometry [37,38]: 

ds2 = -(^ + 3* 2 + T^ +r2 * 2 - < 2 - 10 > 

Here n is an integer in the range 1 < n < N. The angular identification is (0, ip) = ((f) + 
2n,t/j + ^l), where ip is angle on the S 3 factor that we have suppressed. The special case 
n — \ yields AdS 3 in global coordinates. 

Any state can be probed by computing the correlation functions of operators in that state. 
The simplest correlator that one could compute, the 2-point function, is related to a 4-point 
function computed in the vacuum. According to the AdS/CFT correspondence, the 2-point 
function in the state [cr^\ N / n , s = s = — 1 can be obtained from AdS space by computing 
the bulk-boundary propagator of the spacetime field that is dual to the CFT probe and 
then taking the bulk point to the boundary. Let us consider a CFT probe that is dual to a 
massless scalar field in AdS 3 . The conical defect propagator for this field is obtained from the 
AdS propagator by summing over the images that define the conical defect. By translation 
invariance we can take one of the boundary points to be at t = (ft = 0. We then obtain the 
result 



n— 1 j 



E 



in ■ w-2irk\ 2 ( n ■ w-2wk\ 2 \Qn 2 sin 2 

fc=o ( In sin 2 ^ I I In sin 2 ^ I 2n 



where 



+ 



1 2 sin • 



sin 2 f sin 2 f titan^ sin f sin f 



(2.11) 



w = <j>-j, w = ( p+ t -. (2.12) 
The summation was done by a standard contour integration method. 
2.3.2 Naive geometry 

Consider taking the n — > oo limit of the conical defect geometries: 

r 2 £ 2 

ds 2 = —pdt 2 + -^dr 2 + r 2 d<p 2 . (2.13) 

This is the same as AdS 3 in Poincare coordinates with a periodically identified spatial direc- 
tion. This geometry does not actually correspond to any CFT microstate since it has n > N. 
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Instead, we will see that this geometry emerges as an effective description of the typical Ra- 
mond ground state at large N. As before we compute the boundary 2-point function for a 
massless scalar field, and find that 



E 



(w - 2irk) 2 (w - 2-nk) 2 4(w-w) 2 



4 sin 



sin 



2 w 



sin 



2 w 



[w — w) sin i| sin -„ _, 



. (2.14) 



2.3.3 Non-rotating BTZ 

The above naive geometry is in fact the massless limit of the BTZ black holes of AdS3. To 
see this recall that the non-rotating BTZ black holes has a metric [30] 

1)2 



,y2 



-dt 2 + 



ly 2 ry 2 



■dr + r 



(2.15) 



If we take r + = 0, which is the M = BTZ black hole, we get back the naive geometry ([2. 13)1 . 
The boundary 2-point function is [49] 

2 



16r4 



E 

k=— oo 



1 



sinh (J^(w + 27ik)) sinh (J^(w + 2irk)) 



(2.16) 



We have not succeeded in doing the summation in closed form. But we can use contour 
integration to rewrite the sum in a way which makes the large time behavior manifest. For 
simplicity set cf) = 0. Then one can rewrite ()2.16|) as 



1 



8£ 2 sinh 2 (#) 



i 



2r , 



1 



sin 2 ( ^ + m^m 



tan + Z7r^-mj tanh (^) 



+ 



2r + 



(#) 



1 



(2.17) 



tanh (^) 

To simplify further, consider the case of a small black hole, r + <C I. In this case we can 
truncate to just the m = term and obtain: 



1 



1 



+ 



2r, 



1 



U 2 sinh 2 (#) 1 sin 2 (£) £ tan (£) tanh (#) 



2.3.4 Comparison 



+ 



2r + 



tanh (^) 



(2.18) 



Notice that the three geometries described above look the same outside a core region. As 
we'll review later, the n appearing in the conical defect geometry has a typical size 



n typ ~ N 1/2 ~ £ 2 



(2.19) 
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The typical conical defect geometry thus approaches the naive geometry for r ^> i~ l . Consider 
then the BTZ geometry with r + = so that it has the same characteristic size as the typical 
conical defect. The Bekenstein-Hawking entropy of this black hole is then 

S ~ A ~ £ 3 r + ~f ~ N 1/2 , (2.20) 

where the factor of i 3 came from integration over the S 3 that we have suppressed. S ~ iV 1 / 2 
is indeed the correct ground state entropy of the D1-D5 system. This is an example of the 
stretched horizon idea advocated in [22]. 

The most obvious difference between the 2-point functions computed above is that the 
conical defect result is periodic in time, with a period At = 2im£, while the naive geometry 
and the BTZ black hole results decay to zero at large time. Usually, this sort of decay is 
associated with the presence of a horizon, with the information loss problem arising because 
the decay winds up implying a failure of unitarity [4]. Later in this paper we will show that 
the decay is the correct universal description of the typical two-point function in a typical 
state, but that its persistence to late times is an artifact of ignoring the precise quantum 
mechanical details of the individual microstates of a black hole. Our computations will be for 
the M = BTZ black hole which will turn out to be the effective coarse-grained description of 
the typical Ramond ground state of the dual CFT. To this end, we now turn to characterizing 
the structure of these states. 

3 Typical states 

3.1 Statistics and typical states 

As described in subsection 12.11 each ground state in the Ramond sector of the D1-D5 CFT 
is characterized by a set of integers {N nfJ ,, N' } specifying the distribution of constituent 
bosonic and fermionic twists ([2.3)1 . When the total twist length N = ^ n ^n{N n ^ + iV^J 
is very large, there are a macroscopic number (~ qZs/zkVN^ f R am ond ground states. In 
such a situation, most of those e 2v/2_7rv/ ^ microstates will have a twist distribution {N n)1 , iV^ } 
that lies very close to a certain "typical" distribution. In the large N limit, the difference 
among individual distributions is small. Roughly, statistical mechanics says that ((AiV nA1 ) 2 ) ~ 
N n/1 , thus <( AA V) ) 1 ^ (jV,^) -1 / 2 — > as N nfl — > oo. Thus, although correlation functions 
computed in individual microstates depend on the precise form of the microstate distribution 
{N nil , N' }, for almost all microstates the generic responses should deviate by small amounts 
from the results for the typical state. In the next section, this will be the basis for the 
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emergence of an effective black hole description of typical Ramond ground states. A similar 
analysis of the typical states was carried out for the AdS 5 /SYM 4 duality in [34]. 

In this section our goal is to characterize the typical distribution of twists and the size of 
fluctuations around it within the ensemble of Ramond ground states. Ideally, we carry out a 
microcanonical analysis by studying all partitions of integers of integers ()2.3|) that lead to a 
total twist of N. However, it is easier to carry out a canonical analysis by including states 
with arbitrary total twist into the ensemble, while fixing the average total twist to be N via 
an effective temperature T. The relative error incurred by the canonical approach compared 
to the exact microcanonical analysis vanishes in the large N limit. Large N will correspond 
to large temperature T > 1, or equivalently, small [3 = 1/T <C 1. Since the constituent twist 
operators in ()2.3|) carry an Recharge, we can study the structure of Ramond ground states 
restricted to carry some fixed -R-charge. In particular, in terms of the SU(2)r x SU(2) r 
charges in (|2.2|) . let us define: 

J = —J% — J% J — Jfi Jji ■ (3.1) 

With these definitions, the Recharges J and J correspond in the bulk geometry to orthogonal 
angular momenta in the 1R 4 perpendicular to the D1-D5 worldvolume. 2 We will consider the 
structure of Ramond ground states with J = and different values of J. 

3.2 Typical twist distribution with J = J = 

Let us first consider the ensemble of all the Ramond ground states (12. 3J) with equal statistical 
weight. Some of the states in this ensemble will have a non-vanishing .R-charge. However, 
because the polarizations /i of twist operators <r%, t% are weighted equally, on average the 
states will have J = J = 0. Indeed, as we will see, there are so many more states with J = 
than J ^ that summing over all states only incurs a small error in studying the properties 
of J = states. 

As described in f)2.3j) and Appendix^! we have 8 bosonic twist operators a£ and 8 fermionic 
twist operators which are all independent. So the canonical partition function is 



n\8 



l + q n ) 



71=1 V * ' 



2t](t) 3 



q = e 27TiT = e~ p . (3.2) 



Using the modular property of the theta function 

P *4(0| - J 



Z((3) 



4tt 



1^3 



-, 4 



~ e 27r /p ((3 < 1). (3.3) 



2 If we let 1R 4 coordinates be a; 1,2 ' 3,4 , the two angular momenta in question are J\i and J34. See Appendix 
EJl for details. 



11 



The relation between "energy" N and temperature (3 is 



Since all twist operators are independent, the average distribution {N ntl , N'} is given by the 
Bose-Einstein and Fermi-Dirac distribution, respectively: 

»~ = tt <, = ^*Vr- "» = B^+*C) = i-^ (3-5) 

For large N, the typical states of our ensemble have a distribution almost identical to ()3.5j) . 
We will call the distribution ()3.5|) the "representative" distribution. 

3.3 Typical twist distribution with J ^ and J = 

Now let us consider the typical state in the ensemble with fixed i?-charge J ^ 0. From the 
definitions in subsection J2J1, the twist operators that carry nonzero J are 

o* :J=-(a + S)/2, rf : J = -s/2, rf : J = -7/2. 

Strictly speaking, we should consider the microcanonical ensemble in which N and total J 
are fixed. But again in the large N limit we can equivalently consider the canonical ensemble 
in which N and J are controlled by temperature j3 and chemical potential \i. 

To construct the partition function it is convenient to use the map (|2.fij) between the Ra- 
mond ground states and the FP system. Then we are equivalently constructing the ensemble 
left-moving oscillations of the FP string as specified in ()2.5|) . In the FP language we consider 
an ensemble in which we have A?£ left-moving bosons a l _ n and Np left-moving fermions ip l _ n , 
where n = 1,2,.... Let the bosons and fermions carry the following i?-charge assignments: 

tib bosons: J = +1 rip fermions: J = +1/2 

n B bosons: J=— 1 n F fermions: J = — 1/2 (3.6) 

Nb — 2ub bosons : J = Np — 2np fermions : J = 

The case we are interested in, i.e. the D1-D5 system on T 4 , has Nb = Np = 8, tib = 1, 
np = 4. The D1-D5 system on K3 has A?b = 24, ub = 1, Np = np = 0, for which state 
counting was first studied in [50] from the heterotic dual perspective. More recently, the 
microscopies of the K3 case was studied in [21], and the discussions below and in Appendix 
El are generalization of the one therein. 
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We can compute the entropy S(N, J) for given level N and i?-charge J by studying the 
partition function 

where g = e 2mT = e~@, z = e 2mi/ = e^. The entropy in the N — > oo limit can be evaluated 
by thermodynamic approximation, as explained in Appendix [Bj and the result is 



S = logd Nt j = 2nJ^(N-\J\) • (3.7) 

Now let us apply this to the D1-D5 system on T 4 , for which Nb = Np = 8, % = 1, 
np = 4. One sees from (|3.7|) that the only effect of J 7^ is to replace iV with N = N — J. 
Here we assumed J > 0. This means that almost all states (i.e., the states that are responsible 
for the entropy) in the ensemble with level N and i?-charge J are of the form 



la 



n 

n=l 
v 



N' 

1 n 

nl 



|0>, (3i 



states that are responsible for entropy 
of the ensemble with level N = N — J 
and no angular momentum 



where ct^J is the creation operator of the boson that carries J = +1. Indeed, the entropy 



from the U ^J' part is 2tc^/cN/6 = 2iry/c(N - J)/6, which fully accounts for (|3~7|l . Of 
course, besides (at^)' 7 there are other combinations of oscillators that can carry i?-charge J. 
But any other combination will exact more price in N, and will therefore lead to a subleading 
contribution to the entropy. If J < 0, then the same argument goes through if we replace 
(a^) J with (aZi f ) ,Jr| - 

Translating the above into the language of the D1-D5 system, the typical state of the 
D1-D5 system with N ^> 1 and J 7^ splits into the following two parts: 

1. I J\ strings of unit length: (cr^)' J ', where s = s = —1 for J > and s = s = +1 for 
J < 0. We will call this part the "Bose-Einstein (BE) condensate" . 

2. the typical state of the ensemble with ^2 nfi n(N n ^ + iV^J = N = N — \ J\ and no 
.R-charge. 

In other words, the typical distribution {N n ^, N'} of the ensemble with level N and angular 
momentum J can be written as 

AT _ jy(BEC) _|_ AT AT' AT' I Q Q\ 



13 



where the BE condensate part Nnn is given by 

f JvSmW-j = I "'her JVjSf °> =0 (J > 0), 

1^1^, = kl. other Mf O, =0 (J<0), <3 ' 10) 

while the non-condensate part {A^, A 7 ' } is identical to the typical distribution (|3.5|) for the 
ensemble with level N = N — \ J\ and no -R-charge. 

Note that the entropy of the ensemble with J = is the same as that in the ensemble 
with J unspecified. This is a reflection of the fact that there are exponentially more states 
with J = than with J ^ 0. 



4 The effective geometry 

In the previous section we derived the distributions of constituent twist operators in typical 
Ramond ground states with i?-charges J = and J ^ 0. In the large N limit, almost all states 
with the given charges have twist distributions that lie close to these typical distributions. 
Here we will compute two-point correlation functions in typical states and show that generic 
correlators computed at finite time separations are largely independent of the details of the 
microstate. Indeed, at small time separations two-point correlators in the typical J = state 
give a universal response, as if the corresponding spacetime geometry was a black hole. By 
contrast, atypical correlators whose two insertion points are separated by very long times give 
responses with intricate variations that encode the detailed microstate. 

The fact that generic probes of typical states give essentially universal responses governed 
by the statistics of the state's microscopic constituents is reminiscent of the similar observation 
in [34] for the case of AdSs/SYlVLj. There, it was argued that the correlation function of a 
small "probe" operator A in a black hole background produced by a long operator O is 
determined by the matching of patterns of fields (X,Y, Z,X, etc.) in both operators, the 
distribution of which is governed largely by statistics. In the case of half-BPS states of the 
AdS5/SYM 4 theory [31-33] it was possible to use the Yang-Mills theory to argue for an 
effective spacetime description of microstates in terms of a singular geometry [34]. In the Dl- 
D5 case, we have already noted that there exists a proposed map taking RR ground states into 
geometries, and we argue below that this map will also give an effective singular spacetime 
description to typical states. However, to genuinely prove these assertions it is necessary 
to compute correlation functions, because it is through correlators that we can rigorously 
compare bulk and boundary physics in the AdS/CFT correspondence. Here we will carry 
out the analysis of deriving an effective geometry from correlation functions and thereby 
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infer the effective geometry corresponding to a typical state. Furthermore, the maps between 
states and geometries, either based on LLM [33] or on the Lunin-Mathur geometries, are 
only valid at the level of two- derivative supergravity. To learn anything about the geometry 
when this approximation breaks down it is necessary to extract the spacetime physics from 
CFT correlation functions (or augment the original map with higher derivative terms). We 
will give an explicit example of this here. At late times our correlators probe the strongly 
curved region of the geometry where the effective spacetime description breaks down. The 
CFT correlators continue to be valid and give a result which depends on which particular 
microstate one has chosen. This shows how the CFT can be used to go beyond the accuracy 
of the low energy spacetime description. 

4.1 Two-point functions of the D1-D5 CFT 

For simplicity, we will compute the 2-point functions of non-twist "probe" operators A in 
states created by general twist operators. A can be written as a sum over copies of the CFT: 



1 N 



A' 

iv A=l 

where Aa is a non-twist operator that lives in the A-th copy. For example, we can take 

A A = dX%(z)dX b A (z), (4.2) 

which corresponds to a fluctuation of the metric in the internal T 4 direction. Although, such 
non-twist operators are only a subset of the operators that correspond to spacetime excita- 
tions, we will restrict ourselves to them because their correlation functions are much easier 
to compute than those of twist operators, and because they will be sufficient to demonstrate 
that an effective geometry emerges in the iV — > oo limit. 

Given a general Ramond ground state a ()2.3|) we are interested in computing 

(aUUa) (4.3) 

The key result, demonstrated in Appendix El is that for non- twist operators at the orbifold 
point in the CFT such correlation functions decompose into independent contributions from 
the constituent twists operators in (|2.3jl . Denoting the constituents o~£,t% collectively by a% 
and N n/X , N' by N n ^, we write the Ramond ground states ()2.3|) as 



a = 

n,fi 



ri(<) Ar ' iA • ( 4 - 4 ) 
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Then, the desired correlation function decomposes as 

1 n 

(aUUa) = -J2nN nfl J2(KM\^<) • (4.5) 



N 

n,fi A=l 

The problem then reduces to computing 4-point functions of the form 

\al„. n) {z = oo)}U A (z i yA B (z 2 )af 1 ___ n) (z = 0)} ee (A A (z^A B (z 2 )) a n ^ (4.6) 

where 1 < A, B < n, and the equation indicates that we are equivalently computing the 
2-point function of A in the ground state of twist sector n. As we described, in the nth twist 
sector the worldsheet is effectively n times as long and therefore, as shown in Appendix [XJ 
for bosonic operators 

C_ 

[2« (§)] 2h [2nsin(f)] ; 

where 



(AMAbM)^ , = - ; — -s- ; — g , (4.7) 



W = Wi — W 2 , W = Wi — W 2 . (4.8) 

Here, the copy labels A, B mean that w\ and w 2 must be understood as w\ + 2tt(A — 1) and 
w 2 + 2tt(B — 1), respectively. The analogous computation for fermionic A is given in Appendix 



4.2 Example of typical state correlation function 

The correlation function of non-twist operators in the general microstate (J2.3)) can be com- 
puted by plugging ()4.7|) and (|A.40|) into the general formula ()4.5|) . For example, for A purely 
bosonic, we substitute bosonic correlator ()4.7|) into ()4.5|) to obtain 

-i n-i ^ 

(A(w x )A(w 2 )) v = — V nN n V (4.9) 

fe=o [2nsm(-^-jJ [2nsm(^^JJ 

where 

a^ee^a^ + aQ. (4.10) 

Here we took into account that the copy labels A, B mean that w in ()4.7|) should be replaced 
by w + 2tt(A — B). The correlation function for the typical state is obtained simply by plugging 
the typical distribution (|3.5|) or (|3.9|) into {N n ^, N'} above. For fermionic A, the correlation 
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function (jA.29|) depends on the spin \i and the expression is more complicated, as we will see 
below. 

As a simple example of a probe A, take the operator (|4.2j) which is dual to a fluctuation 
of the metric on T 4 . For this operator h = h = 1. In this case, the summation over k in (14.91) 
is the same as in (j2.11|) . Therefore the correlation function can be written as 



G(w,w) = (dXdX{w 1 )dXdX{w 2 )) l 
1 nN„ 



N ^-f 16n 2 sin 2 ^ 

n=l 2n 



+ 



2 sin 



sin 2 f sin 2 f n tan ^ sin f sin f 



(4.11) 



In Lorentzian signature we set 

w = (j)-t, w = (f) + t. (4.12) 

The correlator G(w,w) = G(t,<fr) then diverges at w — k-njl or w = kir/2 with k G Z. 
This divergence is a physical one, since on a finite cylinder a particle periodically returns 
to the same spatial location. Therefore, in order to make the temporal behavior of the 
correlation function more transparent, it is useful to remove this divergence. So, let us define 
the regularized correlator G(t, 0) by dividing G(t } 0) by the vacuum correlation function of 
the probe graviton operator: 

G(t, <P) = -16 sin 2 - sin 2 | G(t, <p) 



l_ ^ nN n 
N ^ (nsin^) 2 



2 w 2 w 2 sin t sin ^ sin f 
sin h sin 



(4.13) 

iwsm-j- 2 2 ntan- 

n= l V n> L n J 

Plugging in the representative distribution of constituent twists for microstates with J = 
()3.5|) into the regularized correlator ()4.13|) we obtain Fig. ^ As one can see from this graph, 
the correlator decays rapidly at initial times (t < tt), and at later times exhibits a quasi- 
periodic behavior. Quasi-periodicity is not surprising; it is expected on general grounds in a 
system with a finite number of degrees of freedom. Furthermore, one sees that, in the (3 — ► 
(or equivalently N — > oo) limit, G approaches a certain limit shape. As we will discuss below, 
the limit shape in the N —>■ oo limit turns out to be the correlation function 1)2.14)1 in the 
M = BTZ geometry. 

4.3 Effective geometry of microstates with J = 

Now consider the correlation function (j4.9j) of a general bosonic non-twist operator: 

(A( Wl )AM) s = E ^ E : — Th • ( 4 - 14 ) 



k=0 



[2nsm [2nsin(^)]- 
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Figure 1: Plot of the regularized correlation function G(t, <p = 0; (3) as a function of 
t, for various values of f3. The two graphs on the left show short-time behavior; the 
two on the right show long-time behavior. As (3 — ► (or equivalently, N — > oo), G 
approaches the correlation function A2.14\) in the M = BTZ geometry, denoted 
in the graph by dashed lines. 



Let us study the relative size of the contributions to this from terms with different n. The 
contributions come multiplied by nN n , which is sin ^g n for the typical microstates with J = 
(Eq. (|3.5jl ). Because of the suppression by the sinh/3n, the values of n that make substantial 
contributions to the correlation function (|4.9|) are n < 1/(3 ~ y/~N. Thus there are 0(yf~N) 
twists that make a significant contribution. Now observe that for any 7 < 1/2, the number of 
twists with n < iV 7 is parametrically smaller than y/N. Indeed, the ratio vanishes as iV — > 00. 
In this sense we can say that in the N —>■ 00 limit, 1)4.14)1 is dominated by twists scaling as 
n ~ y/N. 

Next, for any n > 1, when t <n we can approximate the sum on k as 

n— 1 00 ^ 

=■ « =■ (t<n). 

^ [2nsin(=^=)] 2/l [2nsin(=^)] 2?t ^ {w - 2Trk)™{w - 2nk)* h 
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where we assumed h + h = even. 

Putting the above statements together, we arrive at the following conclusion: for suffi- 
ciently early times 



t <t c = 0(VN), 



(4.15) 



the correlation function (J4.14j) can be approximated by 



C 



n k=— 



oo 



(w - 27rk) 2h (W - 2nk) 



2h 



oo 



c 



E 



(w - 2nk) 2h (W - 2nk) 
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(4.16) 



k=- 



oo 



This is precisely the bulk correlation function in the naive geometry, or the M = BTZ black 
hole (compare with ()2.14j) for h = h = 1). Therefore, in the orbifold CFT approximation, 
the emergent effective geometry of the D1-D5 system is the M = BTZ black hole geometry. 
The description in terms of this effective geometry is valid until t ~ t c , which goes to infinity 
as iV — > oo. In the special case h = h = 1, the summation ()4.16|) yields ([2.14)1 . In this case, 
we indeed saw in Fig. ^ that the (3 — > limit of the correlation function is given by (|2.14|) (or 



Notice that in (|4.16J) the sum over the twists n factors out. Thus, for t < t c we are showing 
that the correlation function is largely independent of the detailed microscopic distribution of 
twists. It is this universal response that reproduces the physics of the M = BTZ black hole. 
After t ~ t c , the approximation ()4.16|) breaks down, and the correlation function starts to show 
random-looking, quasi-periodic behavior (see Fig. H}. The form of the correlation function in 
this regime will depend on the precise form of the individual microstate, no matter how close 
it is to the representative state (|3.5j) . 

The (3 — > limit corresponding to the M = BTZ black hole yields a correlator which 
decays to zero at large times as 1/t 2 . By contrast, the microstate correlators exhibit quasi- 
periodic fluctuations around a nonzero mean value. Numerical analysis indicates that this 
mean value scales as ^= for h = h = 1. For an ordinary finite size, finite temperature system, 
one expects the mean value to be of order e~ cS where S is the entropy and c is of order 1. 
This behavior arises because typical interactions can explore the entire phase space of the 
system. The fact that we observe power law rather than exponential behavior is likely to 
be a result of working in the free orbifold limit of the CFT and probing the system with 
only non-twist operators. Under these conditions the full space of states does not come into 
play in determining a correlation function. For example, the non-twist operators cannot see 



sid). 
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the full structure of the microstate, for instance the relative phases between different twist 
components, and so might be expected to exhibit larger correlations at late times. For this 
reason it would be very instructive to repeat our analysis for twist operators, although this 
is technically much more challenging. 

A finite A microstate correlator will exhibit exact periodicity in time because only a finite 
number of frequencies appear in the Fourier expansion. The frequencies are u n = 4jr, n = 
1, 2, . . . , N. Let L(N) denote the least common multiple of (1,2,..., A). The correlator is 
then periodic with period At = 2nNL(N). The large N behavior of L(N) is L(N) ~ e N , and 
therefore 

At ~ Ne N . (4.17) 

Our correlators have been computed in the canonical ensemble in which the summation over n 
extends past N up to infinity, and so we will not see this exact periodicity. On the other hand, 
due to the exponential suppression of the distribution function N n the deviation from exact 
periodicity is tiny for large N. As was argued above, and as can be confirmed numerically, 
one finds that for large N the large time behavior of the correlator is unaffected if we truncate 
the sum over n at n max = c\/~N, for c of order unity. Taking this into account, we see that 
our correlators will exhibit approximate periodicity with period 

At ~ e cVN = e £S , (4.18) 

where S = 2tt\/2^/N is the entropy. This timescale is the so-called Poincare recurrence time, 
over which generic finite size thermal systems are expected to exhibit approximate periodicity. 



Fermionic probes: In the above we restricted ourselves to bosonic probes, but we obtain 
the same effective geometry even if we probe the microstate with operators that contain 
fermions. For example, let A = ty s 'ty s ' as defined in (|A.4jl . From (| A. 40ft . we obtain 

p iss'w/2n—iss'w/2n 

(A A A B )„ = ([W^Ml* = p— m — W) . (4.19) 

If we sum over copies, 

n 



n_1 e iss'{w+2ivk)/2n-iss'(w+2-Kk)/2n 

, n (2n sin spj (2n sin ™±M) 

A=l k=Q v 2n 2n > 

oo 



V t -4 tt (t<n). (4.20) 
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Other twist operators a^, r^ a , r" s give different correlation functions, but they are all iden- 
tical to (|4~2UJl for t < n: 

n oo ^ 

y^(A A Ai)n& V t —-7 — T (t<n), (4.21) 

^ x /,J " f-f (to + 2vr£;)(W + 2trk) v 7 v 7 

where a£ can be any of the twist operators a™, a" 13 , r^ a , r" s . Plugging this result into 1)4.50 . 
we conclude that 

oo 

MKMM> S = <[^M] f *£*iM> B - £ (w _ 2^)^-2^) (t <<: tc) ' 

(4.22) 

This is again the correlation function in the M = BTZ black hole geometry. Therefore, we 
conclude that the effective geometry of the D1-D5 system in the orbifold CFT approximation 
is the M = BTZ black hole geometry for any non-twist probe operators, bosonic or fermionic. 
The description by this effective geometry breaks down at t = t c = 0(yN). 



Gravitational origin of the effective geometry: We can also argue that the effective 
geometry for the ensemble with J = should be the M = BTZ black hole by using 
the Lunin-Mathur metric ()2.7|) . Assume that the profile Fi(v) is a random superposition of 
small-amplitude, high-frequency oscillations that is much smaller than the asymptotic AdS 
radius: 



\F(v)\ <£~iV 1/4 . (4.23) 



Then, for r ~ £ > \F(v) 



L Jr, |x-F(v)|a r 

-L liV„,M2 



f*=™l *>> -. ^,, 2 ^ (4-24) 



h = T I dv \^FW I dv lF{v)l = h ' (4 - 25) 
A = %T^#^o, (4.26) 



Mo |x-F(v). 

where in the second line we used (12.9)1 . and in the third line A^x) vanishes because Fi(v) is 
random. So the metric ()2.7)) is 

cfc 2 = ~dt 2 + t-dtf + -Adr 2 + r 2 dnl) + J% ds 2 Ti (4.27) 
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with t = (QiQ 5 ) 1/4 . This is indeed the direct product of the M = BTZ black hole (l2~T3l . 
and S 3 x T 4 , if one sets ?/ — > R<p, r — > £r/R. One can check that the condition ()4.23|) is 
satisfied from the microscopic theory, as follows. If the typical frequency and amplitude are uj 
and a, respectively, then |F| ~ a, |F| ~ au. We can relate u, a with the microscopic quantities 
n, N n as uj ~ n, a ~ Nn" 2 . Recall that the typical twist is n ~ N 1 / 2 ~ 1//3. For n ~ 1//3, A^ 
is ^ = = C> ( 1 ) from Therefore, w ~ iV 1 / 2 , a ~ JV°. This indeed satisfies (j£23J . 

4.4 Effective geometry of microstates with J 7^ 

As we saw in subsection 13. 3 j the ensemble with J 7^ becomes in the large A?" limit a "direct 
product" of the Bose-Einstein condensate (erf)'" 7 ' with s = s = =F, and an ensemble with 
level A" = A" — | J\ and no angular momentum. Therefore, from the general formula (|4.5jl . one 
sees that the correlation function for this ensemble is a sum of the correlation function in the 
Bose-Einstein condensate background and the one for the ensemble with level N = N — \ J\ 
and no angular momentum. 

Specifically, consider a bosonic non-twist operator A. Plugging the typical distribution 
(j3~9j) into the formula l|Ojl . 



(A(w 1 )A{w 2 )) 



|J| C 1 ~ ^ C 
- H > nA^ n > 



^ (2sinf) 2?i (2sinf) 2/l N n tt> [2n sin (^)] [2n sin pg*)] 2,1 

|J| C / |J|\ ^ c 



N (2sinf) 2,l (2sinf) 2h \ ^ / ^ (™ - 2tt^(W - 2*k)* 
— (A4) BEC + (l —J (.AA) M = 0BTZ . (4.28) 



N V N, 

The critical time £ c is now given by 



t c = 0(y/N-\J\). (4.29) 



The first term in (J4.28)) . which arises from the Bose-Einstein condensate (BEC), is propor- 
tional to the correlation function of A computed in global AdS3. This is happening because 
the condensate is (erf)'" 7 ', s = J = =F, and the 3-dimensional part of the microstate geometry 
associated with this operator by itself is simply global AdS3 with a scale £ ~ l^l 1 ^ 4 , as de- 
scribed by [36-38]. Actually the total 10-dimensional geometry is more complicated because 
of the nontrivial Wilson line coming from the internal S 3 , but the bosonic operator A does 
not sense this extra structure. On the other hand, fermionic A does see this structure, as we 
will see below. 
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Hence the "effective geometry" for t <t c appears to be a weighted average of global AdS 3 
(with a nontrivial Wilson line) and the M = BTZ. The linear summation in (|4.28|) is 
appearing because in the orbifold CFT the simple class of non-twist probes has correlation 
functions that are simply linear summations of the responses in the individual constituent 
twist states ()4.28j) . Of course as \J\ — > N, the typical microstate operator found in (J3.8j) 
becomes precisely the operator corresponding to global AdS3 (with a Wilson line) in [36-38]. 
Thus the response (I4.28|) is simply a weighted sum of the expected responses in the J = 
and \J\ = N limits. 

Correlation functions involving fermionic operators can be evaluated similarly. For exam- 
ple, let us take A = * s '* ? ' as before. From (OJ) . (jHHJ), and (|OTJ), we obtain 

\J\ e ^' w -^)/2 / JJ|\ ~ l 

{AaA b )x « iv (2sinf)(2sinf) + \ N ) ^{w -2*k){w -Ink) [t ^ tc) 

= ^W>bec + (l - (AA) M = 0BTZ , (4.30) 

where s = sign(J). Again the "effective geometry" appears to be a weighted average. 

The Bose-Einstein condensate part (AA) BEC of the bosonic correlator (|4.28J1 did not care 
whether the condensate is made of a( s with s = s = — 1 or s = s = +1, whereas the 
fermionic one (|4.3U|) does depend on what the condensate is made of through its dependence 
on s = sign (J). This reflects the fact that the 3-dimensional geometry corresponding to 
{<jf s ) N with s = 's = —1 and the one with s = s = +1 are both global AdS3 but differ in the 
nontrivial Wilson line in the internal S 3 [36-38]. Bosonic probes are not charged under the 
relevant U(l), and thus its correlator is independent of what the condensate is made of. On 
the other hand, fermionic probes are charged under the U(l), and its correlator depends on 
what the condensate is made of. 

Do the above results mean that the emergent geometry is a superposition of two classical 
geometries? Below we will use the Lunin-Mathur solution (|2.7J) to argue that this should not 
be the case and that the emergent geometry should be a singular zero-horizon limit of the 
black ring [51]. 



The effective geometry should be a black ring: Assuming J > and J = 0(N), the 
typical state of the ensemble with J ^ is given by (|3.8j) . In the language of the FP system, 
{o^t}) j corresponds to an Fl worldvolume that makes a circle with radius ~ \fl = 0(N 1 ^ 2 ) 
in the 1-2 plane. The remaining 

P art lir=i lUi(^-n) Nni (^-n) NL ] adds fluctuat ions around 
this circular profile. By an argument similar to the one given at the end of the last subsection, 
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the typical frequency and amplitude of the fluctuations are estimated to be n ~ yN — J = 
OiN 1 / 2 ) and Nn /2 = 0(N°), respectively 

This motivates the following profile function F(v) of the D1-D5 metric (|2.7j) . Namely we 
assume that the profile F(v) is a circle with random, small-amplitude, high-frequency 
fluctuations SF around it: 

rm r f F i 0) + iF 2° ] = ae*™, 2tt R , 

F = F<°>+*F, {^ = ^, =0i "=T = ft- (4 ' 31) 

From the above analysis, the amplitude of the fluctuation SF is much smaller than the size 
of the circle or the AdS radius: 

\5F\ = O(N ) < |F (0) | = a = 0{N 1/2 ), \5F\ = O(N ) < £ = C(iV 1/4 ). (4.32) 

On the other hand, the derivatives of F^ ) and 5F are of the same order of magnitude: 

\8F\ ~ nNl 12 = 0(N 1/2 ), \F {0) \=cluj = O(N 1/2 ). (4.33) 

Using these relations, the harmonic functions in ()2.7|) are approximated for large N as follows: 3 

h ~T] dv \^FW = s - ' 

/a - %aV + \5F\ 2 ) I" dv^-^ = % (4.34) 



L 1 1 Vo |x-F(°)| 2 E 

, ... g 5 /- L we- 2a 2 Q 5 i^ 2 

Ai+«A 2 «— / du 1 =7^, therefore ^ = Wv , 2 , 2 , 2\ ' 

L y |x — FWp L(L + + ur + a^J 

where 

Xl +ix 2 = se^, x 3 + ix 4 = we i ' l> , £ = ^[(s + a) 2 + w 2 ] [(s - a) 2 + w 2 ]. (4.35) 

In the second line of (14.34)1 . the cross term F< > • 5F was dropped because 5F is fluctuating 
randomly. Also in the second line, because |<5F| 2 is fluctuating with length scale much smaller 
than a, we can replace it with it average and take it out of the integral (so, |5F| 2 there really 
means the average). We also used the relation (J2.9I) : 

Q 1 = 9l f L dv\F\ 2 « ( a V + |<5F| 2 )Q 5 . (4.36) 
L Jo 



3 This metric was studied in [52] using a different ansatz of the profile function F(v). Recent analysis of 
this metric from the bubbling AdS viewpoint of [33] can be found in [53] . 
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In the third line of (|4.34|) . the term containing 5F was dropped because it is fluctuating 
randomly. It is convenient to go to the (x, y, if), 0) coordinate system [51] with R = a, defined 
by 



-R, 



w 



R. 



x — y x — y 

In this coordinate system, A iy Bi, E can be written as 



(4.37) 



A 



Q 5 u 



-1-2/), 



Q 5 u 



2 v ' 2 

Plugging these into (|2.7|) . one obtains the metric 



1+x) 



ds 2 



E 



-[dt + %^(-l - y)difj) 2 + (dy + %^(1 + x)d<P) 2 



2R 2 

x-y 



+ -^dsj + 



(4.38) 



Q-ds 2 T4 , (4.39) 



where i = (QiQs) 1 ^ 4 . This is the metric of the supersymmetric black ring [51, 54] with 
charges {Q\,Qi,Q?) = (<5i,<5s,0), dipole charges (91,92,93) = (0,0, Q 5 u), and radius R = a. 
For these charges, the horizon area and thus the Bekenstein-Hawking entropy vanish. The 
angular momentum of this singular black ring satisfies 

Q1Q2 



J^p — R 93 < 



= J, 



93 



i/),max' 



(4.40) 



If this inequality is saturated, the singular black ring becomes the regular D1-D5— >kk geom- 
etry. However, in the present case, 



Jib — a 2 Q^u;, 



J 



i/i,max 



Q1Q5 

Q 5 uj 



cl 2 Q 5 lj 1 + 



\5F\ 2 

a 2 co 2 



(4.41) 



So, the equality in (|4.4()|) does not hold and the geometry ()4.39j) describes a singular, zero- 
horizon limit of the black ring. 

The above argument suggests that the effective geometry for the ensemble with J ^ 
is the singular, zero-horizon limit of the black ring ()4.39j) . 4 The description by this effective 
geometry should be valid up to the critical time t c f)4.29jl . which goes to infinity as iV — > 00. In 
order to prove the above statement, one should compute the bulk-boundary propagator in the 
singular black ring geometry ()4.39|) and show that it leads to the boundary CFT correlation 
function (j4~2~3jl . (jOH|) . 

4 This is reminiscent of the proposal by [55] that the CFT microstate of the black ring with non-vanishing 
horizon is made of two parts, where the first part is made of small effective strings of identical length, while 
the second part is made of a single long string and responsible for the whole entropy. 
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5 Discussion 



The puzzles regarding the black hole information paradox are all traceable to the fact that 
we don't have an adequate understanding of the relation between geometry and entropy. In 
the boundary CFT description of black holes we can choose to work either with individual 
microstates or with an ensemble, and we understand that entropy arises from the coarse- 
graining associated with defining the ensemble. In practice the ensemble usually yields results 
to the accuracy we desire, and the existence of the underlying microstate description tells us 
that there is no possibility of information loss at a fundamental level. 

We lack a similar understanding in the bulk. If the black hole is to be thought of as an 
ensemble, we need to specify precisely the elements of the ensemble. One logical possibility 
is that the bulk description is intrinsically coarse-grained, and that microstates can only be 
found in the boundary CFT. An alternative picture, advocated by Mathur, is that bulk 
microstates are to be described as new horizon-free geometries differing from the black hole 
at the horizon scale. Some evidence for the latter has accumulated, but the question remains 
open. 

Here, we have studied some of these issues in the simple context of the D1-D5 CFT at the 
free orbifold point. On the one hand, a large class of microstate geometries are known, and 
on the other hand there is an effective "black-hole" geometry describing their "average" . We 
essentially tried to make this last sentence precise by comparing CFT correlation functions 
computed in typical microstates to bulk correlation functions computed in the "black-hole" 
geometry. The agreement we found, as well as its breakdown at late times, provides evidence 
for the picture of black holes as the effective description of more fundamental underlying 
structures. Although the "black-hole" in this case has vanishing horizon size, it does display 
some of the hallmarks of real black holes, such as the decay of late time correlators. 

If black holes in general represent effective coarse-grained descriptions of underlying mi- 
crostate geometries, it naturally explains why one cannot see quasi-periodicity and Poincare 
recurrence by summing over the SL(2, Z) family of BTZ black holes as was pursued in [9, 11]. 
This is analogous to the fact that, after replacing a gas of molecules by its effective coarse- 
grained description, i. e. a dissipative continuum, one does not expect to be able to see quasi- 
periodicity or Poincare recurrence in the correlation function describing a particle scattered 
in the gas. 

It would be interesting to try to repeat our calculations in the context of the D1-D5 
system on K3 rather than T 4 . In the K3 case it has been found that higher derivative terms 
in the supergravity Lagrangian lead to a nonzero size horizon whose Bekenstein-Hawking- 
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Wald entropy agrees with that of the CFT [15,16]. Furthermore, one can still write down a 
large class of microscopic geometries which contribute to the entropy [56]. The complication 
is that the sigma model is no longer free, and so the computation of CFT correlators is not 
as straightforward. But the goal would be to show how the nonzero horizon size manifests 
itself in CFT correlators. Alternatively, perhaps a horizon could be found even in the T 4 case 
once interactions are included. 

Another useful endeavor would be to compare bulk correlators computed in the known 
microstate geometries of the D1-D5 system to the microscopic CFT correlators we have com- 
puted here. This easily can be done for the simplest class of states, namely those corresponding 
to the twist operator a = [a^ s ] N ^ n , s = s = — 1. In this case the bulk geometries are simply 
the conical defects (I2.10j) . and we saw that this gives precise agreement between bulk and 
boundary correlators. But for more general states the bulk geometry is no longer just an 
orbifold, and the bulk correlators will be much more complicated. On the other hand, the 
CFT correlators continue to be expressed as a sum of simple contributions. This suggests 
that either the bulk geometries can also somehow be thought of as being built up out of sim- 
ple geometries, or alternatively that working at the free orbifold point of the CFT is simply 
inadequate. 

In this paper we studied correlation functions of non-twist operators, but it would be 
very interesting to consider twist operators. This would allow much greater sensitivity to 
the microstate structure. Non-twist operators see the states as built up out of decoupled 
components corresponding to the given cycles, and this led to the correlators taking the form 
of a sum over relatively simple contributions from each component. This will no longer be 
the case when twist operators are used to probe the state, and the results are expected to 
be much more complicated. This extra information could potentially be used to map out the 
bulk geometry in much greater detail. 
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A D1-D5 CFT 

In this appendix we present a complete review of the relevant aspects of the D1-D5 CFT, 
in particular chiral primary fields and the corresponding R(amond) ground states related by 
spectral flow. We will compute correlation functions of non-twist operators in the R ground 
states, which are related via AdS / CFT to supergravity amplitudes in AdS3 x S 3 . References on 
Sjy orbifold CFTs and methods for computing correlation functions in them include [57-67]. 
Below we will closely follow the argument of [66,68,69] and the notation of [66]. For a 
more detailed explanation of the covering space method and the NS sector chiral primaries, 
see [64,66]. 

The main results from this appendix that are used in the main text of this the paper are the 
bosonic two-point function (jA.33|) and the fermionic two-point functions (|A.39j) - (|A.41|) . The 
two-point function for the general state (|A.23|) can be computed using (|A.28|) and (jA.29|) . We 
will derive these using orbifold CFT machinery, but the final results for the two-point function 
are simple and intuitive, and can be obtained more simply by just taking into account the fact 
that the effective length of the CFT cylinder undergoes a rescaling. However, the detailed 
machinery described below is necessary for more computation of more general correlation 
functions, particularly those involve twist operators as probes. 

A.l D1-D5 system 

Consider type IIB string theory on R t x K 4 x 5 1 x T 4 with N\ Dl-branes and N$ D5-branes. 
The Dl-branes are wound on S 1 and smeared over T 4 , and the D5-branes are wrapped on 
S 1 x T 4 . We denote by x° the time direction M. t ; by x % (i = 1,2,3,4) the M 4 directions; by 
x 5 the S* 1 direction; and by x a (a = 6, 7, 8, 9) the T 4 directions (see Table HJ). The low energy 
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Table 1: Configuration of D-branes 
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world-volume dynamics of the D1-D5 system is described by a (1 + l)-dimensional M = (4, 4) 
SCFT in the RR sector, where the two dimensions come from the x 0,5 directions [39-42] . This 
theory has SO(4)e — SU(2)r x SU(2) r i?-symmetry, which originates from the rotational 
symmetry in the transverse directions x\ i = 1,2,3,4. On the other hand, the rotation in 
the longitudinal directions x a , a = 6,7,8,9 leads to 50(4)/ = SU(2)j x SU(2) I symmetry 
Actually, T 4 breaks the latter symmetry, but it can still be used for classifying the states in 
the theory. 

The CFT is a sigma model whose target space is the symmetric product M.q = (T 4 ) N / Sn, 
where Sn is the permutation group of order N. We put 

N = N ± N 5 . (A.l) 

More precisely, the target space is not the symmetric product M.q but a deformation of it; 
the sigma model has marginal deformations, which one has to turn on in order for the CFT 
to precisely correspond to the supergravity side. M. is a special point in the moduli space of 
the CFT called the orbifold point, where the CFT becomes free. This situation is very similar 
to the situation of AdS 5 /SYM 4 duality, where SYM becomes free at a special point (g Y M = 0) 
in the moduli space, but in order for SYM to precisely correspond to the supergravity side 
one has to turn on the coupling g YM - The orbifold point is the analogue of the free SYM. In 
the following, we will consider the orbifold point of the D1-D5 CFT. 

A.2 Orbifold CFT 

The M = (4,4) SCFT at the orbifold point M = (T 4 ) N /S N is described by the free La- 
grangian 

s = h I d2 ^ dx A Bx A + r A (z)dr A (z) + r A (z)dr A (z)}, (a.2) 

where a = 6, 7, 8, 9 labels the T 4 directions and A = 1, • • • , N labels the copies of T 4 . 
Summation over a and A is implied. Without the orbifolding, this theory would be simply a 
direct sum of free CFTs each with c = 6. 

As we explained in the last subsection, this theory has 50(4) E = SU(2) R x SU(2) R R- 
symmetry and 50(4)/ = SU(2)i x SU{2) I non-i?-symmetry. The transformation property of 
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the fields under these symmetry groups is as follows: 5 



field 


SU(2) R x SU(2) R 


SU(2)j x 3U(2)j 


x a 


(1,1) 


(2,2) 




(2,1) 


(1,2) 




(1,2) 


(1,2) 



(A.3) 



Following [66], we bosonize the fermions as 



i<t> 5 A {z) 



(A.4) 



where left-moving bosons are normalized as (j) l {zi)cj^{z2) ~ —8 % i\og(z\ — z 2 ). Similarly, the 
right moving fermions ^ A (z) are bosonized using right-moving bosons 4> A (z). In terms of 
bosons, the R current is 



N 



J2(d<P A -d<P 6 A )(z), 



A=l 



N 
A=l 



(A.5) 



Note that ^ A (z), s = ± have i?-charge = |, while ^ A (z), s — ± have J; 
The charge associated with the global SU(2)j symmetry is given by 

Ji — Ji I 7» 

where 



'hoi ' -'antihol, 



'hoi 



2~ni 



antihol 



dz 
2~ixi 



antihol ' 



(A.6) 



(A.7) 



The currents It ol (z), It ntiho i(z) are given by 

. N 

?holW = ^E^A + ^A)W 
Z A=l 
. N 



N 



?olW=5> 



-^antihol (^) 



-^antihol (*0 



A=l 



N 

E 



(Ai 



,±i(«^+«^)(z) 



where we omitted the part that contains x a fields only, which is not relevant for us; see 
[68] for the complete expression. The charge P associated with the global SU(2)j does not 
5 The surviving supersymmetry is in the representation 2, 1; 2, 1) and (—4; 1,2; 2,1) under 

SO(l, 1) 05 x [SU(2)r x 5J7(2) fl ] x [SU{2) I x S'[/(2) / ]. This implies the transformation property (fO)l of 
the hypermultiplet superpartners of the boson x a (see e.g. [70]). 
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involve fermions and can also be found in see [68]. Note that holomorphic part iJ ol and the 
antiholomorphic part /antihoi are n °t separately conserved; the chirality of the CFT fields is 
not aligned with the chirality of the 50(4)/ = SU(2)j x SU(2)j symmetry. 
It turns out to be convenient to define $^4(2) by 



(A.9) 



3 _ a 
2 ' 



V A (z) = = - *V&) = e"<W. 

We similarly define $^(z). Note that an d ^a(^) have /-charge I 

In the SV orbifold CFT (|A.2|) . there are twist fields (T P (z), P G Sn, which permute the 
copies of CFT as 1 — > -P(l), 2 — > P(2), . . . , N — > P(N) as one circles the point of insertion 
of cr p [58]. For example, if we have 0V 12 „)(<£) at 2 = 0, we should impose boundary condition 
on the fields Xa(z), iPa{z) as follows: 

Xl (e 2ni z) = x 2 (z), . . . , x n (e 2wi z) = x x (z), 

(A.10) 

Me 2m z) =±M*), • • • > ^n(e 2m ^) = ±Vi(z), 

where "+" is for the NS sector and "— " is for the R sector. This permutation of CFTs can 
be conveniently realized by going to a covering space on which the fields of the CFT are 
single- valued [64,66]. In the case of o"( 12 ...„)(- 2 = 0), one can define a new coordinate t by 

t n = bz nearz = 0, (A.ll) 

so that circling n times around z = corresponds to circling around t = once. This 
corresponds to inserting a twist field at z = in the z-space that has the lowest conformal 
weight A n = |(n — ^) [64,66]. We will denote this twist operator henceforth by a n (z). 
Twist fields with higher conformal weight are obtained by inserting some fields at t = in 
the t-space. In this way, computing correlation function of twist fields reduces to finding a 
holomorphic map between the z-space and the covering t-space that realizes the twists [64,66]. 
Note that this method of covering space is applicable only to Sn orbifolds, and not applicable 
to general non-abelian orbifolds [71]. 

One example of the operators that can be obtained by inserting a field at t = is the 
chiral primary operator a~~(z) in the NS sector. Concretely, a~~(z) is obtained by inserting 
in the t-space the following operator [66] : 

a~(t) = a-(t)a-(t), (A. 12) 
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where 

<r-(t) = b~P 2 / n e ip ^ 5 -^(t), a-(t) = l-P 2 /n e i P (p-&)^_ (A>13) 

Here p = — ^i, and are the lift of <j) A (z),(j) A (z) to the t-space, whose OPE is 

l (ii)<^ (t 2 ) ~ — log(ti — Note that <t~~(,2) is not the coordinate transformation of a~~(t), 
but it is a "product" of the pure twist operator cr n (z) and the insertion a~~(t). Therefore, 
the conformal dimension of a~~(z) is given by 

1 / p 2 p 2 \ n - 1 . . , t . 

Here A n = | (n ) is the conformal dimension of the pure twist o~ n (z). In the second term, 

we divided the conformal dimension in the t-space by n to obtain the conformal dimension 
in the z-space (remember that z oc t n ) [66]. Similarly one can show that (h,h) = {jp,jpj = 
(^j^, The chiral primary <r~~(z) has the smallest conformal dimension among the chiral 

primary operators constructed on a n (z) [66]. Another important fact is that o\ (z) is nothing 
but the unit operator. 

The twist fields (J P (z), P G Sn, considered above are not proper fields of the orbifold 
CFT. A proper field of the orbifold CFT should be invariant under conjugation by any 
element of S^. This means that the twist sector is in one-to-one correspondence with the 
conjugacy class of SV [71]. One can construct a proper field from cr p (z) by 

£p(z) = a QPQ~^ z )> ( A - 15 ) 

where Xp is a normalization constant. As long as we do this summation over Sjv at the end of 
the computation of correlation function, we can consider the cyclic permutation a^ 12 n \{z) = 
cr n (z), instead of crp(z) with general P G S^- 

Let us mention here one important aspect of the covering space method. As we discussed 
above, computing correlation functions of twist fields reduces to the problem of finding a 
holomorphic map z = f(t) that realizes the twists. This coordinate transformation leads to 
a nontrivial Liouville action £?£,[/(£)], which contributes to the correlation function as c Sl ^^ 
[64,66]. This Liouville factor is important when, for example, computing the correlation 
function of twist fields at z = Z; t ; the precise form of the map f(t) depends on z iy and this 
in turn leads to a nontrivial dependence of the correlation function on Zi — Zj. Actually 
the normalization in (jA.13|) . which depends also on the map f(t), also gives a nontrivial 
contribution. However, what we will be interested in in this paper is the Zi dependence of 
the correlation functions of non-twist operators at general points z = Zi and twist operators 
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chiral primaries 
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Table 2: Single-trace chiral primaries in the NS sector. Here n = 1, 2, . . . , N, and a, j3 = ±. 
Summation over A = 1,2, N is implied in all expressions, even if A appears only once (i. e., 
= Y1a=i^a)- Note that <j\ = 1. The corresponding cohomology H 2h ' 2h (B), and the 
weights and charge of the chiral primary field are shown. The R-charge of the corresponding 
R ground state is also shown. 

at fixed points z = 0, oo. Because e L and the normalization of twist operators depend only 
on the coordinates of twist operators, they are irrelevant for us and we will ignore them 
altogether. 

A. 3 Chiral primaries and spectral flow to R sector 

We are interested in the R sector ground states of the D1-D5 CFT. The R ground states 
can be obtained by first finding chiral primary operators in the NS sector, and then spectral 
flowing to the R sector. 

So, let us first focus on the chiral primaries of the orbifold CFT flA.2|) in the NS sector. 
The chiral primaries with weight (h, h) of M = (4, 4) SCFT on a manifold K correspond to the 
elements of the cohomology H 2h,2h (K) [72]. In the present case of the orbifold K = (T A ) N / Sn, 
the cohomology H*(K) can be constructed as follows [73]. Let the basis of H*(B) be w a , 
a = 1,2,..., dim(if *(!?)) = 16, where B is the diagonal T 4 , i.e., the sum of all copies of T 4 . 
For each w a , introduce a "1-particle creation operator" a°_ n , n = 1,2,.... Then there is a 
one-to-one correspondence between the elements of H*(K) and the states in the "Fock space" 
generated by at n . Namely, for each element of H*(K), there is a state Yl n a (.ct- n ) Nna |0)> 
Y2n n -Nn — N. If w a is an even (odd) form, a°_ n is bosonic (fermionic). 
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In the present case, H*(B) has 8 elements of even rank and 8 elements of odd rank, so 
there are corresponding 8+8 chiral primaries. The chiral primaries corresponding to a°_ n is 
constructed by multiplying the above 8+8 chiral primaries with the chiral primary <j~~(z) 
defined in flA.12|) . which is a twist operator of order n. In Tabled we list all chiral primary 
fields in the NS sector that correspond to the "1-particle creation operator" ct a _ n . They 
are single-trace in the sense that they involve only one summation over copies Y2a=i an d 
only one twist operator a~~(z). We also present their conformal weight, i?-charges, and 
SU(2)j x SU(2)j charges, as well as the i?-charges of the R ground states that can be obtained 
by spectral flow, using (|A.18jl . One sees that there are 8 bosonic and 8 fermionic single-trace 
chiral primaries: 

of, af, rf, rf . (A.16) 

Here, s, s = ± correspond to SU(2)r x SU(2) r charges (J|, J|) = (f,f), while a, /3 — ± 
correspond to SU(2) I charge I 3 = j. The fields r* a ,r" s which correspond to odd-rank 
elements of H*(B) are indeed fermionic because $'s anticommute. These single-trace chiral 
primaries are known to be in one-to-one correspondence with the Kaluza-Klein spectrum of 
particle supergravity on AdS 3 x S 3 x T 4 [40]. We will use cr~~, cr ++ , etc. with explicit +, — 
signs exclusively for denoting the a^ s operators, not cr"^. 

Now let us consider spectral flowing to the R sector. From (|A.5|) , the spectral flow operator 
that maps NS sector operators to the R sector operators is 



U (z) = exp 



. N 

4D« 

Z A=l 



(A.17) 



where we wrote the holomorphic part only. The spectral flow relates the charges in the R and 
NS sectors as follows: 

h R = %s - (jI)ns + ^> (j'I)r = (jDns - ( A -!8) 

Here, roman R stands for Ramond, while italic R is for i?-charge. The spectral flow operator 
in the t-space is given by coordinate transformation of U(z) by: 

U(t = 0) oc exp y-i- (0 5 - 6 )J (t = 0), (A.19) 

where we used 4>a{z) — > (p(te 2m( - A ^ 1 ^ n ) > <p{t = 0). For example, we can use this to map 

the NS sector twist operator [c~(i)]Ns ^ exp[i n +^-(0 5 — (fi 6 )](t) into the R sector: 

KWIns - K(t)}n oc e-W-*\t). (A.20) 
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We can check that this has the correct conformal dimension and i?-charge as a R ground 
state: 



h R = A n + - 

n 



1 / 1 \ 2 1 / 1 x 2 



i = h u « )r = ~\ (A - 21) 



2 \2J 2 \2 

Including other operators, the list of R ground states corresponding to single-trace NS chiral 
primaries is 

[rf(t)] R = e^-^\t) e^ 5+ * 6 \t), [rf (t)] R = e^)(i) S 
Here, we ignored normalization constants because they are irrelevant for our purposes as 
explained at the end of the last subsection. We will call these operators (jA.22j) single-trace 
R ground states. Henceforth, we restrict ourselves to the R sector and drop the subscript R 
from the twist operators (|A.22j) . 

General R ground states are obtained by multiplying the single-trace R ground states 
(|A~22"J) together. They can be written as 

n,M (A 23) 

J2n(N n ^ + N' n J=N, iV nM = 0,l,2,..., N' nfl = 0, 1, 

where /i labels the 8 polarizations of bosons and fermions, i.e., \i = (s,5), (5,/?) for bosons 
H = (s, a), (a, s) for fermions. The numbers 

{Nn^Kj (A.24) 

uniquely specify the R ground state. We will refer to the factors cx^, in flA.23|) as constituent 
twist operators of the twist operator a. 

A. 4 Correlation function of non-twist operators 

We would now like to compute correlation functions in the R ground states of the D1-D5 
CFT. Such CFT correlation functions are related to supergravity amplitudes in the dual 
geometry via AdS/CFT. 

We want to compute the 2-point function of the "probe" operator A in the state created 
by a general twist operator. Let us assume that A does not contain twists and can be written 
as a sum over copies of the CFT: 

1 - 
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where Aa is a non-twist operator that lives in the A-th copy. For example, we can take 

A A = dX a A (z)dX b A (z), (A.26) 

which corresponds to fluctuation of the metric in the internal T 4 direction. 

Let us consider the general R ground state (jA.23|) . If we denote cx^, t£ collectively by cr£, 
and N nfJ ,, N' by N n fi, then we can write (jA.23|) as 



a = 



(A.27) 




The correlation function of the probe operator A in this state is, taking into account the 
summation over copies (Eq. (|A.15JI ). 

1 N 

(eUUs) = ((jUU(7> = (°*d A A B <r) 
= A yE Ar ^ E (l<M\A B *%) 

= Jf X>^ E H--J A A A ^l-n))> (A.28) 

n,Jl A=l 

where Y2a _Beo- s means to sum over copies A, B that are involved in the n-cycle of o~£. In the 
first equality, we used the fact that A is a sum over copies, (jA.25|) . In the fourth equality, we 
used the fact that the "initial" and "final" states must have the same length of twist and the 
same SU(2) charges to give a nonvanishing correlator, since A a Ab does not involve twist or 
charges. We assumed that the three point function vanishes: ([o~$ Aao~£) = 0, which is true 
in the case considered in this paper. Note that the final expression (jA.28j) decomposed into 
contributions from constituent twist operators. This is because we are restricting ourselves 
to non-twist probes A, and because we are in the orbifold point approximation and ignoring 
interactions. Once we start considering twist probes or interaction, this will no longer be the 
case. 

Therefore, for a non-twist operator A in the orbifold approximation, all we have to compute 
is the 4-point function 

([af h ., n) (z = ^A A (zi) j A B (z 2 )al... n) (z = 0)) = (A A (z^ A B (z 2 )) ^ ^ (A.29) 

where 1 < A, B < n. 
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A. 5 Boson correlation function 



Let us evaluate the correlation function (|A.28[) . (|A.29|) for A a purely bosonic non-twist 
operator such as dXdX. In this case, we can replace the twist operator cx^ n ^{z) in (jA.29|) 
with the pure twist operator <j(i ... n ){z), since these two are different only in their fermionic 
dressing, to which the bosonic operator A is insensitive. 

The twist operators &(i... n )(z) at z = 0, oo mean that X\{z) permute as X" — ► X^ 
■ ■ ■ — > X% — > X" as one circles z = 0, oo. As explained around (|A.11|) . we can conveniently go 
to the covering t-space by 



z = bf 



(A.30) 



on which we have single- valued fields X a (t). If we normalize the correlation function in the 
t-space as 

C 



(A^Anih)) 



(ti-t 2 y h (i l -t 2 ) 2h 

where (h, h) is the conformal weight of A, then the correlation function on the z-plane is 



(A.si; 



c 



n 



2h+2h( 



{z 1 z 2 n-z lZ2 Y (f) 2 "-(f) 2 - (t) 2,i -(t) 2 " 



21, 



1 n 2h 



If we go to the cylinder coordinate w by 

then the correlation function is 

(A j, A {w l )A B {w 2 )) a(i n) 

where 



C 



[2nsin(f)] 2/l [2nsin(f)] 2 ' 1 ' 



(A.32) 



(A.33) 



W = Wi - w 2 , 



W = Wi — w 2 . 



(A.34) 



Here, the copy labels A, B mean that w± and w 2 must be understood as W\ + 2n(A — 1) and 
w 2 + 27r(£> — 1), respectively. 

The result flA.33|) expresses the fact that the effective circumference of the CFT cylinder is 
27m, where the factor of n comes from the permutation of n copies of the CFT. Indeed, from 
this picture one can easily write down (|A.33|) directly, simply by inserting the appropriate 
factors of n in the usual free correlator on the cylinder. 
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A. 6 Fermion correlation function 

Now let us evaluate the correlation function (|A.29|) in the case where A involves fermions if>. 
As an example, let us consider 

G z = {a--{z^\{ Zl )^ + B {z 2 )a--{z,)). (A.35) 

It is understood that we will take — > oo, Zq — > in the end, so we can use (|A~30|) as the 
relation between z and t coordinates. Using the expression of operators in terms of bosons 
(Eqs. (jA.4j) . (jA.22jl ). one computes 

G z oc e ^([ e i^-^(t 0O )e-f^-^(t 0O )] e -^(t 1 )^ 5 (t 2 ) [e-i^-^CtoJe^"^^)]) 



dz\ ) \ dz2 

OC (too " tl)- 1/2 (too - t 2 ) 1/2 (too - t )- 1/2 (too " t )- 1/2 (tl " t 2 y\h - t ) 1/2 (t 2 - t )- 1/2 

dh\ 1/2 fdt 2 ^ 1/2 

-'2 



dzi 7 V dz : 



t-J /2 i-J^ tl - t 2 )~HTt^ ( ( P-) , (too - oo, t - 0) . (A.36) 



\ dz\ ) \ dz 2 j 

Sl is the Liouville action as explained at the end of subsection IA.2[ which is an irrelevant 
factor for our purpose and was dropped. Now rewrite t in terms of z using t oc z 1 ^. The 
factor to^^io^^ 2 , along with the dropped Liouville factor c Sl and the normalization constants 
of the twist operators, corresponds in the Lorentzian signature simply to the phase e~ tEt due 
to the initial and final states o~~ . Thus they are irrelevant and we will drop this factor 
henceforth. The result is 

G, = 9U»))r oc { — mY L_ m . (A .37) 

Passing to the cylinder coordinate w by z = e~™, 

{Ay \ 1/2 / Ay \ V 2 1 

where w = wi — u>2- As before, the copy labels A, B mean that wi, w 2 must be understood 
as Wi + 2ti(A — 1), u? 2 + 2n(B — 1), respectively. Therefore, more precisely, 

j e i(«)+27r( J 4-_B))/2n 

(^K) t = n[1 _ ^^-b))/,,] = 2njn ^-fl) ' (A.39) 

where the normalization was fixed by requiring ^\(wiY ^/^(w 2 ) ~ S^b/w. 
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Similarly, one can compute other correlators of the SU(2)r doublet fields ty s A as: 



„iss'w/2n 

2n sin %r ' 

2n 

2n sin f- ' 

2n 



° n 



piaw/2n 

2n sin ^ 

2n 
pissw/2n 

2n sin ^ ' 

2n 



(A.40) 



fields defined in 



where it is understood that w really means if + 2^(^4 — 5) . Or, in terms of the SU(2)j doublet 

„isw/2n piaf3w/2n 

2n 2n 
p ia(3w/2n „isw/2n 



2n sin 



2n sin ■ 



2n ^,u^^ 2n 

Just as we remarked after the derivation of the bosonic correlator (jA.33|) . these results 
for fermionic correlators express the fact that the effective length of the CFT cylinder has 
increased by a factor of n due to the permutation, and the results could have been obtained 
from this property alone. 



B Statistical mechanics of the ensemble with J ^ 

In this appendix, we study the statistical mechanics of the ensemble with J ^ studied in 
subsection 13.31 

For the special case Nb = 24, % = 1, Np = rip = 0, i.e. for the D1-D5 system on K3, 
state counting was first studied in [50] from the heterotic dual viewpoint. More recently, 
statistical mechanics of the K3 case was analyzed in [21], and the following discussion is a 
more detailed and generalized version of the one presented in [21]. 

For the canonical ensemble of bosons and fermions with the spin assignment ([3.6)1 . the 
partition function is 

[(1 + z l / 2 q n ){l + z-V 2 q n )] nF (l + q n ) N F- 2n F 



Z(/3,/.) = Tr[e-^-^] = n 



n=l 



[(1 - zq n )(l - z- l q n )] n B{l - qn)N B -2n B 



,,2iriT 



JVp iV n -iV E 



Q 



-r){r) 



N B +3n B ~^f 




rip 


smith* 


n B 




. COS f _ 









tf 2 (0|r) 



-rip 



(b.i; 



Here q 
expression for /3 <C 1: 



e 13 , z 



J2-KIV 



e^ M . After modular transformation, one obtains the 



T^e^w-UxB-Np)-^^- 



2tt 



-n B 



sinh^ 
sin 7r/x 



n B 



[cosh 



(B.2) 
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up to exponentially suppressed terms by e . Here, c = Nb + Np/2. For the "Hamiltonian" 
N — fiJ to be positive definite, we must restrict the range of the chemical potential to \fi\ < 1. 
Therefore, for (3 -C 1, one can further simplify (jB.2|) as 



e *V«* (b.3) 

Sin 7T/i / 

up to a numerical factor. Note that this result does not depend on np\ all spins are carried 
by bosons. This is because the Pauli exclusion principle exacts a high price in N when the 
fermions carry a macroscopic amount of angular momentum. 

Let us compute the entropy of this system by thermodynamic approximation, i.e., by 
saddle point approximation. By the standard formula of thermodynamics, 

d\ogZ\ C7i 2 i riBfi i ^ T ( d\o<gZ\ ris 

Pij. 

where 



^-i^L^ + f^ J= \-m> rf™' iBA) 



1 2 4 3 

y /i = - - = -f + + ■ ■ ■ . B.5 

/i tan7r/i 3 45 

In deriving (|B.4|) . we ignored (3 Nb ^ 2 in (|B.3)1 in the thermodynamic approximation. The 
entropy is 

S = /3(N-fiJ-F) = (3{N - fiJ) + log Z = ^ + n B log f . (B.6) 

3p \sm7r/i/ 



From (IR4j) . fjBTBIl . we obtain 



5 = 2vr A /^(iV - /iJ) + n B log ( — V— ) , (B.7) 



= 3n|//#(/i) 2 



C7T 2 



I 2ciV7r 2 _ 1 
3/i 2 n|^(/i) 2 



(B.8) 



From the relation (jB.8|) and the form of the function g(/i) (jB.5|) . it is easy to see that fi —>■ 
sign(J) is needed in order that \ J\ = O(N). More precisely, we need \fi — sign(J)| ~ iV -1 / 2 . 
Therefore, 



S- \^ily^2n X j~{N-\J\), (B.9) 



where we dropped the subleading log term coming from the second term in (|B.7|) . Note that, 
/u. — > d=l implies that the energy of bosons with J = ±1 vanishes and the Bose-Einstein 
condensation of those bosons occurs. 
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